Equivalences are intended to model vague concepts, they are defined in terms of properties or axioms to be fulfilled in a crisp way. In this paper we present two different approaches to overcome this problem (the axiomatic and the similarity based approaches) and relate them both. New results concerning the similarity between relational structures are obtained. As a consequence, every arbitrary fuzzy relation will be considered to be a fuzzy preorder or a fuzzy equivalence, at least to some extent.
I. INTRODUCTION
UZZY preorders and equivalences are fuzzy versions of the two well known relational structures in the classical setting -preorders and equivalence relations.
Definitions for such structures were firstly proposed by Zadeh [1] and those original definitions have been generally accepted since then as the natural way to model order and equivalence in vague environments.
Fuzzy equivalences appear under a variety of names in the literature, which include terms such as similarity relations (the original as it appears in Zadeh's seminal paper), likeness relations, indistinguishability operators and fuzzy equalities.
Sometimes the differences in the names reflect the use of a particular t-norm -such as the Lukasiewicz t-norm involved in likeness relations, or the MIN t-norm used in similarities -sometimes it is simply a matter of choice for the authors [2] . We will favour the expression fuzzy equivalence relation along these pages, but at the same time similarity, proximity or some other distance related terms may occasionally appear as well, but always used in a general, t-norm free sense.
In spite of the many different names, these definitions are fully coincident in their structures. All of them are based upon the individual fuzzyfication of each of the crisp standard axioms involved -namely reflexivity, transitivity and symmetry. Whenever a fuzzy relation is reflexive and transitive in this new fuzzy sense, it is called a fuzzy preorder. If it is also symmetrical, then it is called a fuzzy equivalence or something more specific, such as likeness etc.
We will refer to that way of fuzzyfication as the axiomatic approach, because it deals exclusively with the list of axioms, neglecting some other key features of those relational structures, such as the clusters in the case of the equivalence relations.
Before presenting the reader with the central problems in this paper, let us introduce the preliminary definitions and concepts which are embodied in the axiomatic approach. Usually, continuity of the t-norm is also assumed. Strictly speaking, though the results presented in this paper only require that the t-norm be left continuous.
Closely related to the t-norms are their quasi-inverses, which play an important part in this paper. Definition 1.2: Given a t-norm T, its quasi-inverse I T or T  is the following operation on the unit interval:
for all x and y in [0,1].
By making the quasi-inverse symmetrical we obtain another operation on the unit interval, the natural equivalence. Definition 1.3: Given a t-norm T, its associated natural equivalence E T or T  on the unit interval is: There are mainly two different ways to grasp the meaning behind definition 1.6. First, by comparing the fuzzy equivalences to the crisp ones, which naturally brings notions such as cluster, classification and prototype, and raises questions about the many possible ways to extend those concepts to the fuzzy domain. And second, by linking them to a metric structure. This is achieved by transforming T-transitivity into the triangle inequality for distances, that is ( , )
, in which the standard sum of real numbers play a role similar to that of the t-norm T. The order is then reversed, so that equivalence degrees near 1 correspond to distances near 0. Thus, points linked by high degrees of equivalence become close points.
It is clear that any given fuzzy relation S might meet, or fail to meet, a particular requirement among those stated in Definition 1.4 only in a precise, crisp sort of way.
Thus, a fuzzy relation S such that S(x,x)=0.9 for some element x will no longer be reflexive. Or S will fail to be transitive if S(x,y)=S(y,z)=1 but S(x,z)=0.9, no matter which t-norm we try. Furthermore, it is not possible to compare two fuzzy relations R and S to conclude that, for example, R behaves more like a fuzzy preorder than S, or that S is slightly more symmetric than R. Being a fuzzy preorder, or being symmetric for that case, is not a matter of degree. As a consequence, fuzziness itself remains excluded from all those definitions, a feature hardly desirable in any fuzzy theory.
Such claims were first made in Gottwald [3] and, since then, similar objections have been raised in [4] , [5] , [7] and more recently in [6] . The latter contribution by Behounek et al. is part of an ambitious project which aims at introducing degrees in every single fuzzy theory as a result of a formal logic based set theory. Although the work which we present here has been independently developed, we must acknowledge that many results can be found in [6] , although they are there presented under the language of formal logic, while our work has been mostly inspired by the metric notion of proximity and it is presented accordingly.
In our approach, we propose two different lines of action. The fisrt one consists in relaxing the definitions of reflexivity, transitivity and symmetry by introducing degrees. This is part of the axiomatic approach, and it is found under slightly different forms in all the previous references.
The second line of action deals with the notion of similarity between relational structures, and makes no reference at all to the list of axioms. It is this second view which is essentially built on metric ideas.
Many measures to compare fuzzy sets, or fuzzy relations, may be found in the literature [8] . We will remain focused on pointwise similarity. That means, every pair of numeric values R(x,y) and S(x,y) are compared to infer that, as a whole, R and S are at least so dissimilar as those two. We will refer to that particular measure of similarity as the natural equivalence too, because it extends Definition 1.3 in a natural way. The term natural indistinguishability is also used in [2, 4] . Definition 1.7: Given two fuzzy relations R and S on X, the natural equivalence or indistinguishability between them is , ( , ) inf ( ( , ), ( , ))
When presented with an arbitrary relation S, we may try to find proper fuzzy preorders or equivalences R which are close enough to S when compared through ( , ) T R S E . The degree of similarity between S and R may be then regarded as the extent to which S is a fuzzy preorder or equivalence.
For obvious reasons, we will refer to S as the candidate relation, while R will be called a reference relation.
Sometimes, the two relations' specifity will be taken into consideration as well as their closeness. We will then compare the two through the so-called natural or pointwise order. Definition 1.8: Two fuzzy relations R and S on X are said to be pointwise ordered ,
The outcomes of the two approaches -the axiom based and the similarity based -are pretty much the same. Every single fuzzy relation S is assigned a degree of membership to the target class -the fuzzy preorders or the fuzzy equivalences. Therefore, these categories become fuzzy sets of the set of all fuzzy relations, rather than crisp ones.
However, the two approaches are not exactly equivalent, and the problem arises of relating them in an effective way. On the one hand, once a reference relation R has been proposed for a given candidate relation S, lower bounds for reflexivity, transitivity and symmetry ought to be computed for S based on the degree of similarity ( , ) T R S E . On the other hand, if S is known to meet the axioms only to some extent, then the problem is about finding a reference relation R in the neighbourhood, their closeness ( , ) T R S E being determined by the degrees of reflexivity, transitivity and symmetry of S.
The contributions in this paper are related to the second half of the problem -namely, finding reference relations R in the neighbourhood of the candidate S. Section 2 contains the preliminaries and some known results. Section 3 analyses the role of the transitive closure as a reference relation, and Section 4 proposes reference relations based on the representation theorems.
II. SOME KNOWN RESULTS
Let us recall some definitions which are related to the grading of the standard axioms. 
a-Transitive with respect to a given t-norm T, or a-Ttransitive, if ( , ( ( , ), ( , ))) ( , ) T a T R x y R y z R x z ≤
for a given a in [0,1], and for every x, y and z in X.
Two easy consequences follow from Definition 2.1. First, when 1 a = the standard reflexivity, symmetry and Ttransitivity for fuzzy relations are retrieved. Second, every a-reflexive, a-symmetric or a-T-transitive fuzzy relation is also b-reflexive, b-symmetric, b-transitive for any b a ≤ . As a consequence, degrees for these properties can be defined in a natural way for any given fuzzy relation.
Definition 2.2: For any t-norm T and any fuzzy relation R on a universe X:
Its degree of reflexivity is inf ( , ) From now on, we will assume the reference relation R is either a fuzzy preorder or equivalence, while for S, the candidate relation, we do not ask any particular requirement but that of being close enough to R when the two are compared by E T . We are going to study how reflexive, symmetric or T-transitive S is, owing to its proximity to the reference relation R. Proposition 2.5: Let R and S be fuzzy relations on X. If R is reflexive and ( , )
Proposition 2.6: Let R and S be fuzzy relations on X. If R is symmetrical and ( , )
Proposition 2.7: Let R and S be fuzzy relations on X. If R is T-transitive and ( , )
Summarizing, when R is a fuzzy preorder or equivalence, we have: Proposition 2.8: If R is a fuzzy preorder (resp. equivalence) on X, and S is a fuzzy relation such that ( , )
III. TRANSITIVE CLOSURE AS A REFERENCE RELATION
The transitive closure S of an arbitrary fuzzy relation S is the lowest T-transitive relation which is above S with respect to the pointwise order ( X S S ≤ ) ( [9] for example).
When looking for a reference relation in the neighbourhood of S the transitive closure seems to be a choice natural enough. However, being the closest among the set of all the T-transitive relations which are above S does not mean that it is going to be very close.
In [4] it is pointed out that the natural equivalence T E between S and S may fall, generally speaking, below the degree of transitivity of S. There, the similarity between S and S is referred to as the strong transitivity degree of S. , , , X x x x x = defined as follows: Here d stands for the similarity between two consecutive elements, and it is easy to check that a is the transitivity degree with respect to T L . If we then compute the transitive closure we will find that 1 4 ( , ) 0.7 S x x = which differs from the original S in (0.5, 0.7) 0.8
The general rule behind this numerical example is that 
which is well below the standard degree of transitivity which is t a a = .
Next is the central result in this section. It states that the transitive closure cannot lie any farther away than it does in the previous example. We will present the reader with the outline of a proof for theorem 4.4 which makes extensive use of chains. A chain of length k starting on x i and ending on x j is an ordered set 1 2 , , ...
with all the u m belonging to X.
Given a chain C of length 4 k ≥ connecting x i with x j it may happen that the transitivity along the chain fall below the transitivity degree a t , so that: Although it is not essential for the ideas in this section, the following proposition has some theoretical interest because it provides a way of computing transitive closures which, to the best of our knowledge, is new. [10] are the best known ones, although it is worth mentioning an earlier version of such theorems by Ovchinnikov [11] , as well as a later generalization by Fodor and Roubens [12] .
Representation theorems provide ways for obtaining a given fuzzy relation starting from a family of fuzzy sets. This process is often referred to as generating the relation, and the involved fuzzy sets are called accordingly generators. 
